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We present atomistic band structure calculations revealing a different mechanism than recently

surmised via k � p calculations about the evolution of the topological state (TS) in HgTe=CdTe. We

show that 2D interface (not 1D edge) TSs are possible. We find that the transitions from a topological

insulator at critical HgTe thickness of n ¼ 23 ML (62.5 Å) to a normal insulator at smaller n
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semiconductors such as GaAs or CdTe have a finite band
gap separating the S-type �6c conduction band from the
P-type�8v valence band below it (see central part of Fig. 1),
the larger spin-orbit splitting (� 1 eV) of the heavier HgTe
material has long been known [12,18] to have the �8v band
move up in energy above the �6c band (by about 300 meV).
However, this spin-orbit induced S-P inversion in HgTe
does not persist throughout the Brillouin zone, but is re-
stricted to a region around the zone center [6]. This is shown
in Fig. 2 which highlights the P-orbital character by green
(medium gray) and the S-orbital character by red (dark
gray), as obtained by projecting the pseudopotential band
structurewave functions on a spherical harmonics basis.We
first inquire, what will the levels of a 2D HgTe film of
thickness L be if the barrier around it was infinitely high?
According to the ‘‘Truncated Crystal Approximation’’ [19]
the 2D levels of a (001) oriented film are approximately the
bulk bands EnðkÞ evaluated at the discretized wave vectors
k ¼ ið�=LÞ, with i ¼ 1; 2; . . . . The left-hand side of Fig. 2
shows that a thick filmwill have a band gap betweenP-type
LH1 and HH1, while still maintaining the band inversion
(the S-type E1 below the P-type LH1). The right-hand side
of Fig. 2 shows that a sufficiently thin filmhas a gap between
the now S-type LH1 and the P-type HH1, thus losing the
band inversion [S-type state (LH1) is above theP-type state
(E1)]. Thus, analysis of the orbital makeup of the bands of
bulk HgTe away from the zone center suggests that the
quantization of bulk LH, HH, and E bands in a 2D system
leads to opening of a gap primarily due to the coupling
between the LH1 and HH1 subbands and to a transition
from band inversion to normal-band order due to the cou-
pling between LH1 and E1. We next examine this qualita-
tive predication quantitatively.

Formation of framework VBM and CBM in the
ðHgTeÞn=ðCdTeÞ

E1



In contrast, the present atomistic calculation finds that the
extended framework band edges of the QW [solid lines in
Fig. 1(b)] are always LH1 (CBM) and HH1 (VBM)moving
monotonically up and down, respectively, as nðHgTeÞ is
reduced. The band gap is never between HH1 and HH2.
Figures 3(b) and 3(c) show the wave function of LH1 and
HH1 clarifying that they are extended throughout the HgTe
layer. We see [also in Fig. 1(b)] that as nðHgTeÞ is reduced
from its asymptotic limit in infinite thick HgTe: (a) the
S-type E1 subband moves down in energy and morphs
into a P-type E1 state, staying all the time below the LH1/
HH1 subbands; (b) the band that moves up in energy is the
(light mass) P-type LH1 which morphs into a S-type LH1
state; in turn, (c) the band that moves down in energy is the
P-type HH1 state. The character (LH or HH) of 2D QW
states is revealed by projecting them onto bulk bands by the
method described in [17



‘‘QSH gap’’ [13] [instead of a tiny gap (� 0:5 meV) away
from kk in Fig. 4(b)]. Thus, we conclude that the topological
phase transition in the HgTe=CdTe QW [2,23,24] (repre-
sented by the transition of the superpotential W in the
effective supersymmetry Hamiltonian [23,24], or of the
gap parameter M in the effective Dirac Hamiltonian [2])
from a topological insulator to a normal insulator is due to
the crossing between interface states I1eð�6cÞ and I2lhðLHÞ
and not because of the crossing of the extended QW HH1
and interface stateE1 as previously thought [1,2,8,25]. This
distinction is important because it changes the design prin-
ciples (no 1D truncation is needed to create TSs in QWs).

The in-plane dispersion of the interface bands of 2D
HgTe=CdTe QWs in both topological trivial [Fig. 4(a);
n < nc] and topological nontrivial [Fig. 4(b); n > nc]
greatly resembles the recent measured dispersion for a
very different system: Bi2Se3 thin films (Figs. 2(c) and
2(d) in Ref. [13]). This resemblance despite the striking
differences in the underlying 3D symmetries (Td for bulk
HgTe and D3d for bulk Bi2Se3) suggests that there is a
universal picture of interface band dispersions for all 3D
framework band inversion materials in their 2D secondary
systems. The only distinguishing feature is the critical
thickness at which the topological transition occurs. This
is a material-dependent quantity. The calculated critical
thickness of HgTe layer is of nc ¼ 23 ML (62.5 Å) in
agreement with the experimentally measured value of
63 Å [8
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