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We calculate the electronic and optical properties of thickness-fluctuation quantum dots of different sizes and
elongations using an atomistic empirical pseudopotential approach and configuration interaction. The carriers
are confined by a monolayer fluctuation in the thickness of a GaAs /Al0.3Ga0.7
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gations along the �11̄0� direction have been reported.

IV. RESULTS FOR QUANTUM WELLS

Before we address the results for the thickness-fluctuation





h4 for the hole states. The smallest �20,20� TFQD has only
one confined electron and one confined hole state while for
the largest �100,20� TFQD four electron and four holes states
are confined. The “shell structure,” known from self-
assembled quantum dots where the levels are grouped in S,
P, D shells with degeneracy of 1,2,3, respectively, can be
perceived for the �40,40� TFQD. However, for the smaller
dots where only one level is confined and for the elongated
dots there is no obvious pattern in the level spacings. The
magnitude of the level spacings is an order of magnitude
smaller than in self-assembled or colloidal quantum dots.
The spacing between the first and second electron �hole�
states in the �40,40� TFQD is only 5 �1� meV.

This can be seen as surprising, since the dimension of the
TFQD is not very different than for some self-assembled
quantum dots �e.g., 40 nm diameter and 3 nm height InGaAs/
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value significantly lower than for the �20,20� TFQD of simi-
lar dimensions. This is an additional indication that in spite
of the similar sizes of the dots, the wave function occupies a
significantly larger in-plane area in the case of the TFQD.
The h1 and h2 states of Lens 1 dot are mixed hh-lh states due
to the similar energetic position of h1, h2, and the light-hole
band. The results for “Lens 2” quantum dot with large height
�half sphere� is similar to Lens 1 case, with a hh dominant h0
and mixed hh-lh h1 and h2 states, but for another reason. The
large height leads to a smaller hh-lh splitting and despite the
lower energetic position �around 20 meV above GaAs VBM�
the hole states are energetically close to the lh band.

The calculations with the lens-shape dots illustrates the
that hh-lh mixing is a consequence of �i� the lateral extent of
the wave functions, controlling the energetic position of the
states relative the quantum-well light-hole band, and �ii� the
thickness of the well �dot, in Lens 1 and 2 cases� controlling
the energetic position of the quantum-well light-hole band.
For our TFQDs the large lateral extent of the wave functions

and the narrow width of the well leads to almost pure heavy-
hole states.

The benefit of the atomistic approach compared to a con-
tinuum description lies in a quantitative prediction of the
effects described so far: �1� Continuum models rely on an
external input for the potential, historically taken as a cylin-
drical potential22,45 with certain band offsets and the results
obtained are direct consequences of these assumptions. Our
approach directly takes the shape of the structure as input
parameter. �2� The penetration of states into the barrier is
important since it governs the nature and the number of con-
fined states, and requires the proper treatment of the inter-
faces and the matching of different types of Bloch functions,
not given in a continuum description. �3� Another typical
atomistic effect is the fact that alloy fluctuations in the bar-



including the transitions from the exciton �X�, the biexciton
�XX�, and the charged trions �X+,X−�. In Figs. 8�d�–8�f� we
show the origin of the main transitions in the spectra ��a�–
�c�� by giving the dominant configuration�s� of each level in
parenthesis. We use the notation ei

j and hi
j where i is the

index for the state and j the occupation of this state. Due to
the few number of confined levels in the �20,20� TFQD �only
one electron and one hole state� only few dot-to-dot transi-
tions are possible leading to a very simple picture we omitted
here. In the absorption spectra for the �40,20� and
�40,40� nm2 TFQD �Fig. 8�a� and 8�b�� we can see a group
of peaks around 1.685 and 1.687 eV. These transitions in-
volve mainly the states e0 and h0 as can be seen in the analy-
sis in Figs. 8�d� and 8�e�. The transitions above 1.688 eV
involve the higher excited states e1, e2, h1, and h2 and are
well isolated from the first group of peaks. The situation is
different in the case of the �100,20� nm2 TFQD �Fig. 8�c��
where all the transitions are grouped together between 1.687
and 1.692 eV. This smaller “bandwidth” of CI states is sur-
prising considering that we are taking the same energy win-
dow for electrons and hole states as in the �40,20� and
�40,40� cases. We will discuss this effect in Sec. XI. Another
general observation is that the XX, X+, and X− transitions

denoted by b1, d1, and c1, respectively, are all redshifted with
respect to the main X transition �a1� in all calculated dots. In
Fig. 9 we summarized calculations for the binding energy of
the trions and biexcitons for three types of quantum dots. For
TFQDs with one ML thickness fluctuation, TFQDs with two
ML thickness fluctuations and for rectangular GaAs parallel-
epiped with height 11 ML fully embedded in Al0.3Ga0.7As.
The results are plotted as a function of the exciton energy.
The TFQDs with two ML thickness fluctuations have bind-
ing energies around 2 meV while it is around 1 meV for the
TFQDs with 1 ML thickness fluctuations. The fully embed-
ded quantum dots �Rect. QD� emit at higher energy and have
between 2 and 2.5 meV binding energies.

For the case where no charged states are created and the
excitation power is low enough to avoid the creation of biex-
citon, only the red lines in Figs. 8�a�–8�c� should be ob-
served. We see two, three and four dominant peaks for the
�40,20�, �40,40�, and �100,20�, respectively. This represents a
significant simplification from the single-particle picture
with 16 possible transitions for the �40,40� and �100,20�
TFQDs between confined states �e0,1,2,3 and h0,1,2,3 are con-
fined�. We will see that correlations are responsible for this
simplification in Sec. XI. We note also that for the �40,40�

TABLE II. Summary of the theoretical results for selected properties of �GaAs�10 /Al0.3Ga0.7As TFQDs
with different lateral dimensions �Lx ,Ly� �nm2� and experimental results.

Property �20,20� �40,20� �40,40� �100,20� Expt.

X0 �eV� 1.6902 1.6878 1.6851 1.6869 1.6813a, 1.6886b, 1.655c

X−1 �eV� 1.6893 1.6867 1.6841 1.6861 1.6856b, 1.652b

��X0−X−1� �meV� 0.9 1.1 1.0 0.8 3.0b

�0 ��eV� 8 6 4 5 �100 b,d

�b ��eV� 0 5 0 4 �24 a,d

�d ��eV� 1 7 1 0 �1 d

aReference 7.
bReference 13.
cReference 45.
dReference 12.



dot, where the attempt to label the states as S, P, and D,
might seem justified, the transition a2 is clearly visible, de-
spite its dominant S-P character. Transitions of that type are
mostly forbidden in self-assembled quantum dots.42 For the
negative trion, we calculate three dominant transitions for the
�40,20� and �40,40� dots and seven for the �100,20� dot. For
the positive trion we only see two dominant peaks for all the
dot sizes. This qualitative difference emphasizes again the
different nature of the electron and hole states despite the
dominant single-band character of both electrons and holes.

XI. EFFECT OF CORRELATIONS

To illustrate the effect of correlations onto the optical
properties of TFQDs we use the example of the excitonic
transitions in the �100,20� TFQD. In Fig. 10 we present three
different levels of approximation. At the first level only the
single-particle energies, as given in Fig. 4, are considered. In
Fig. 10�a� the resulting single-particle gaps are given as bar
chart. In the next level the direct and exchange Coulomb
interactions are included within each configuration 4�4
blocks. One configuration consists of the product of one
single-particle electron and one single-particle-hole state
leading to a 4�4 matrix when spin is included. This corre-

sponds roughly to the Hartree-Fock level,43 which exactly
neglects correlations. The results for the absorption at this
level are given in Fig. 10�b�. In the last step we include
coupling between the configurations via configuration inter-
action where all the available confined levels are utilized.
The results are given in Fig. 10�c�. While this last step rep-
resents the limit of the present approach and is sometimes
referred to as “full CI,” it likely misses some of the correla-
tions.

In Fig. 10 we notice that the entire spectrum is shifted to
the red when Coulomb interactions are introduced �differ-
ence between Figs. 10�a� and 10�b��. This is expected since
the electron-hole attraction in these structures extends be-
tween 0 and 7 meV, depending on the considered states. As
we can expect from the extent of the wave functions �Fig. 7�
the transitions between the states ei and hj, where the indices
i and j are equal, are bright. These are labeled as s1–s4 for
e0h0, e1h1, e2h2, and e3h3, respectively. However, several
other transitions lead to significant oscillator strength, as for
instance e0h1, labeled as s5 in Fig. 10�b�. The inclusion of
correlations leads to a dramatic modification of the spectrum
�difference between Fig. 10�b� and 10�c�� where we recover
the results from Figs. 8�c� and 8�f� with the four strongest
peaks a1–a4. Most of the bright transitions at the single-
configuration level become dark and the states rearrange

TABLE III. Summary of experimental results on TFQDs.

TFQDs
X0

�eV�
��X0−X−1�

�meV�
��X0−XX�

�meV�
FS

��eV� Note

�GaAs�10 /Al0.3Ga0.7As 1.6813a, 3.0b 3.4c �b�E0�=−25 a, ��E1−E0�=2.5 meV a

1.6886b 3.0c �b�E1�=41 a, ��E2−E1�=1.0 meV a

1.655c �b�E2�=45 a, ��E3−E2�=0.5 meV a

�b�E3�=−22 a ��E4−E3�=0.5 meV a

�b�E4�=−47 a

�0�100 b,d,

�d�1 d,

�b�24 d

�GaAs�12 /Al0.35Ga0.65As 1.6586e 3.2e

�GaAs�10 /Al0.33Ga0.67As 1.6977f, 2.7f tX=100 ps f,

1.687g, 2.6h tXX=60 ps f,

1.6988h f =75 f

�GaAs�15 /Al0.3Ga0.7As 1.6280b 3.4c

1.6212i 3.36i

�GaAs�22 /Al0.3Ga0.7As 1.5936b, 3.5k NSOMj

1.663k

1.585j

�GaAs�30 /Al0.3Ga0.7As 1.5598b

�GaAs�50 /Al0.3Ga0.7As 1.5356b 1.2b

�GaAs�10 /Al0.33Ga0.67As 1.6796 4.0l

aReference 7.
bReference 13.
cReference 45.
dReference 12.
eReference 2.
fReference 5.

gReference 15.
hReference 6.
iReference 14.
jReference 11.
kReference 17.
lReference 10.
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themselves to lead to a simple spectrum, where the lowest
energy transitions is shifted by a correlation energy of more
than 3 meV. The analysis of the origin of the lowest energy
peak a1 shows that it is to 60% given by the e0h0 configu-
ration with an admixture of 40% from several other configu-



rize experimental results for TFQDs in GaAs wells of differ-
ent thicknesses. The values obtained experimentally for the
negative trion shift for different well width are similar and lie
around 3 meV, besides for very thick 50 ML wells where it
drops to 1.2 meV. One possible reason for our underesti-
mated trion shifts is the limited amount of correlations we
can include in the CI basis due to the limited number of
confined levels. This hypothesis is reinforced by the fact that
path-integral Monte Carlo calculations22,45 where correla-
tions are fully taken into account �while the single-particle
Hamiltonian is solved at the effective-mass level� do yield
binding energies between 1.5 and 4.0 meV depending on the
radius of the monolayer fluctuation �a cylindrical dot was
assumed�. Our results for the fine-structure splittings is too

low compared to the experimental evidence, as already dis-
cussed.

XIII. CONCLUSIONS

We used the atomistic empirical pseudopotential method
and configuration interaction to calculate the electronic and
optical properties of thickness-fluctuation quantum dots
�sometimes called natural quantum dots�. These structures
confined the electron and hole wave function through a
single atomic monolayer step in a quantum well. These ato-
mistic calculations require the treatment of up to five million
atoms for the largest structure of 100 by 20 nm. We first
present results for GaAs /Al0.3Ga0.7As quantum wells where

TABLE V. Compiled reference bulk properties and empirical pseudopotential results for AlAs using the
parameters from Table IV.

LBa Reviewb LCAOc,d GWe Used target EP results

���1v� −11.95 /−11.87 −12.41 −12.41 −12.53

���15v� 0.0 0.0 0.0 0.0 −6.00 −6.00

���1c� 3.10 3.099 2.79/2.81 2.88 3.10 3.09

���15c� 4.48/4.21 5.14 5.14 4.49

��X1v� −9.63 /−9.80 −10.41 −10.41 −8.77

��X3v� −5.7 −5.69 /−5.52 −5.87 −5.70 −7.83

��X5v� −2.32 −2.38 /−2.32 −2.44 −2.32 −2.34

��X1c� 2.23 2.24 2.37/2.21 2.14 2.25 2.24

��X3c� 2.43 3.84/2.89 3.03 2.43 3.02

��L1v� −10.28 /−10.43 −10.97 −10.97 −10.27

��L2v� −5.95 /−6.41 −6.01 −6.01 −6.76

��L3v� −0.88 /−0.97 −3.90 −0.88 −0.95

��L1c� 2.57 2.46 2.81/2.48 2.91 2.46 2.57

��L3c� 5.86/4.87 5.59 5.59 5.59

me
���1c� 0.15 0.15 0.15 0.149

me
��L1c,l� 1.32 1.32

me
��L1c,t� 0.15 0.15

me
��X1c,l� 1.1 0.97

me
��X1c,t�
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