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PACS 05.45.Xt – Synchronization; coupled oscillators
PACS 89.75.Hc – Networks and genealogical trees

Abstract – We introduce a model to study the effect of degree-frequency correlations on
synchronization in networks of coupled oscillators. Analyzing this model, we find several
remarkable characteristics. We find a stationary synchronized state that is i) universal, i.e., the
degree of synchrony, as measured by a global order parameter, is independent of network topology,
and ii) fully phase-locked, i.e., all oscillators become simultaneously phase-locked despite having
different natural frequencies. This state separates qualitatively different behaviors for two other
classes of correlations where, respectively, slow and fast oscillators can remain unsynchronized.
We close by presenting an analysis of the dynamics under arbitrary degree-frequency correlations.

Copyright c© EPLA, 2013

Introduction. – The research of emergent collective
behavior in large ensembles of interacting dynami-
cal systems represents a large and important area of
complexity theory [1–4]. Studying synchronization of
coupled oscillators has proven to be particularly useful
in modeling complex systems and uncovering generic
mechanisms behind synchronization processes. Examples
include simultaneous flashing of fireflies [5], cardiac
pacemaker cells [6], circadian rhythms of mammals [7],
collective oscillations of pedestrian bridges [8], and chemi-



P. S. Skardal et al.

form of P (k, ω) is chosen as an illustrative example and is
closely related to a model studied numerically in ref. [12]
(see their footnote 24).

This simple model can be used for analyzing the influ-
ence of degree-frequency correlations on the synchroniza-
tion of coupled oscillators and exhibits rich dynamics. We
note that α can be scaled out of eqs. (1) and (2) by letting
t �→ t/α and K �→ αK. We will therefore use α = 1 in all
figures presented in this letter. Thus, the free parameters
are the coupling strength K, the adjacency matrix [Anm],
and the correlation exponent β. We will consider positive
correlations and refer to β = 1, β < 1, and β > 1 as linear,
sub-linear, and super-linear correlations, respectively.

To measure the degree of synchrony, we introduce the
following order parameters. The local order parameter rn

for oscillator n, which quantifies the degree of synchrony
among the neighbors of node n, is defined by rneiψn =∑

m Anmeiθm , where ψn is the local mean phase. The
global order parameter is defined by R = N−1

∑
n

rn

kn
and

measures the degree of synchrony over the entire network.

Description of solutions. – We now briefly describe
the dynamics of the steady-state behavior of the system
defined by eqs. (1) and (2). We begin by describing the
degree of synchrony as the coupling strength K is varied.
In fig. 1 we plot data from simulations on an Erdős-Rényi
(ER) network [22] of size N = 1000 with link probability
p = 0.1, using a correlation exponent β = 1. Figure 1(a)
shows that as the coupling strength K increases, the time-
averaged order parameter R also increases towards the
value of 1, as expected. Notably, this R-K curve exhibits
two transitions, one at the critical coupling strength
K = K1 ≈ 0.2, and the other one at the critical coupling
strength K = K2 ≈ 2 (indicated with vertical dotted lines).
This is in sharp contrast to the usual R-K curves where a
single transition is observed [13].

As shown in fig. 1(a), these two critical coupling
strengths separate three regimes which we denote as
incoherent (I), standing wave (SW), and stationary
synchronized (SS) states. For K < K1, R≈ 0 and the
system is incoherent, consisting of oscillators that drift
independently. For K1 < K < K2, the network exhibits
SW solutions characterized by the emergence of two
synchronized clusters traveling with opposite angular
velocities. Such SW solutions result in the oscillating
behavior of R(t), shown in fig. 1(b). The distribution of
phases ρ(θ) corresponding to the maximal and minimal
R(t) values (e.g., as indicated by the green circle and
red cross in fig. 1(b), respectively, and shown as dashed
lines in fig. 1(a)) are depicted in fig. 1(c). Note that R(t)
achieves its maximum when the distributions of phases
for the two clusters overlap (dashed green) and achieves
its minimum when they lie on opposite sides of the unit
circle (dot-dashed red). Finally, for K > K2 the SS state
emerges, yielding a time-invariant R(t)≈ 1 (fig. 1(d)).

The SS state exhibits remarkable characteristics.
In particular, as we will see, with a linear correlation
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Effects of degree-frequency correlations on network synchronization: Universality and full phase-locking
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leaving oscillators with low degree and frequency drifting.
These two qualitatively different behaviors are separated
by the critical case of linear correlations (β = 1) for which
the dependence on k disappears and the oscillators either
all drift or all phase-lock. While we have not performed
rigorous experiments testing these critical locking degrees,
the results in fig. 2 are in agreement with our theory.

General correlations. – We finalize our analysis by
noting that, although in this letter we focused on a specific
form of the degree-frequency correlations (i.e., eq. (2)), in
the general case of a joint distribution


